We calculate the complete quark and gluon cusp anomalous dimensions in four-loop massless QCD analytically from first principles. In addition, we determine the complete matter dependence of the quark and gluon collinear anomalous dimensions. Our approach is to Laurent expand four-loop quark and gluon form factors in the parameter of dimensional regularization. We employ finite field and syzygy techniques to reduce the relevant Feynman integrals to a basis of finite integrals, and subsequently evaluate the basis integrals directly from their standard parametric representations.
INTRODUCTION
While the beta function of Quantum Chromodynamics (QCD) determines the running of the coupling due to ultraviolet divergences, the cusp anomalous dimensions of the quark and gluon determine the leading infrared singularities of massless scattering amplitudes [1] . To second order in the strong coupling constant, these anomalous dimensions were already known implicitly before the appearance of [1] from investigations of the next-to-leading Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) splitting functions [2] [3] [4] [5] [6] [7] .
The phenomenological relevance of the cusp anomalous dimensions to the resummation of prominent QCD observables is well-established, considered in some cases at the next-to-next-to-next-to-leading (four-loop) logarithm level a decade ago [8, 9] , but their calculation to higher orders in QCD perturbation theory is a challenging task. After the completion of the two-loop calculations, roughly twenty years elapsed before the appearance of a first analytic calculation of the three-loop cusp anomalous dimensions [10, 11] from the three-loop DGLAP splitting functions. Over the last few years, a number of approximate numerical [12, 13] and partial analytic [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] results have appeared at the four-loop level; just as for the beta function of massless QCD, now known to five-loop order after years of intensive investigation [25] [26] [27] , a high degree of automation and significant computer resources enabled this progress.
Up to three loops, the cusp anomalous dimensions of the quark and gluon are related to each other by the quadratic Casimir scaling principle [28] [29] [30] [31] . The authors of [13] conjectured that this no longer holds at the fourloop level, but is rather generalized to accommodate novel color structures built out of quartic Casimir operators. This generalized Casimir scaling proposal was recently corroborated by two independent theoretical studies [32, 33] . Using further conjectural input from [23] , an analytic form of the four-loop QCD cusp anomalous dimensions was put forward very recently in [34] .
The primary goal of this Letter is to definitively calculate the four-loop QCD cusp anomalous dimensions analytically from first principles. We follow [35] and extract the cusp anomalous dimensions from expansions of massless four-loop quark and gluon QCD form factors through to O ǫ −2 . We employed new methods for the reduction to master integrals [17, 24, 36] , and we tailored the choice of master integrals to simplify their evaluation [37] [38] [39] .
Our approach relies on the existence of a basis of integrals which are finite as ǫ → 0 and sufficiently wellbehaved with respect to the transcendental weight filtration. In such a basis, many of the most complicated integral topologies (see Fig. 1 in 4 − 2ǫ dimensions, given in the conventions of [39] . In our basis of finite integrals, this integral topology first contributes to the Laurent expansion at order ǫ −1 . Hence, we were able to produce Eq. (1) from the subtopologies without having to actually integrate any integral of the topology itself. We also observe that for four-loop Feynman diagrams containing at least one closed fermion loop, our finite basis integrals in the two most complicated topologies (see Fig. 1 ) only contribute to the finite parts, O ǫ 0 . The remaining finite basis integrals can be integrated with the program HyperInt [40] , and so we obtained the complete matter dependence of the ǫ −1 poles of the form factors. It only involves zeta values of weight at most six.
As a consequence, we are able to offer new results on another well-studied pair of quantities, the quark and gluon collinear anomalous dimensions (see [41] for the QCD results up to three loops). Historically, the color dipole conjecture of [28] [29] [30] [31] offered an enticingly-simple prediction for the ǫ −1 poles of quite general massless QCD scattering amplitudes. In the color dipole picture, simple singular dressing factors for each external parton (quark or gluon jet functions) contribute poles of collinear origin to the ǫ −1 pole of the logarithm of the amplitude under consideration. The collinear anomalous dimensions fix the ǫ −1 poles of these jet functions.
While we now know that the ǫ −1 poles of QCD amplitudes receive color quadrupole corrections at three-loop order and beyond from the soft sector [42] [43] [44] , the fourloop collinear anomalous dimensions have long been of interest in planar N = 4 super Yang-Mills theory [45, 46] , where the dipole conjecture does appear to hold [47] . Four-loop collinear anomalous dimensions in QCD will not be needed for phenomenological purposes any time soon, but partial results for the quark case have nevertheless already appeared [15, 18, 19, 21] . We give complete analytic results for the matter dependence of the fourloop quark and gluon collinear anomalous dimensions.
SETUP AND INTEGRAL REDUCTION
We study quantum corrections in massless QCD to decays of both photons and Higgs bosons, i.e. the processes γ * (q) → q(p 1 )q(p 2 ) and h(q) → g(p 1 )g(p 2 ), with p 2 1 = p 2 2 = 0 and q 2 = (p 1 + p 2 ) 2 . We define form factors by interfering the bare L−loop scattering amplitudes with the tree amplitudes, summing over polarizations and colors, and then normalizing to the corresponding tree-level results,
Here and in what follows, r = q or g. We work in conventional dimensional regularization with ǫ = (4 − d)/2 and expand in the bare strong coupling constant, α bare s . Further, µ ǫ denotes the 't Hooft scale and γ E is Euler's constant. We consider the color structures of the fourloop corrections and find for the bare quark form factor
and the bare gluon form factor,
We denote the number of light quark flavors by N f and their charge-weighted sum, normalized to the charge of the external quark q, by N qγ ≡ q ′ e q ′ /e q . The color decompositions (3) and (4) follow the notation and conventions of [48] ; the Form program Color.h was used to carry out the color algebra assuming a theory with a general simple compact gauge group. For the case of
and all other invariants are given in Eqs. (12) and (13) of [49] . Without loss of generality, we set T F = 1/2 throughout.
The color coefficients in Eqs. (3) and (4) are derived as follows. We generate the four-loop Feynman diagrams with the program QGraf [50] and obtain a total of 5728 (43220) diagrams for the quark (gluon) form factor. We encounter 100 twelve-line top-level topologies and match all of the diagrams to just ten complete sets of eighteen denominators with Reduze 2 [51] [52] [53] . Here, one such set of denominators may cover several twelve-line top-level topologies. We carry out all numerator algebra with Form 4 [54] and arrive at linear combinations of scalar Feynman integrals with up to six inverse propagators.
We exploit linear relations to reduce the integrals to master integrals, using the program Finred by the first author. For the reduction of the amplitude, we employ conventional momentum space integration by parts, Lorentz, and sector symmetry identities [55] [56] [57] [58] . In some instances, we also found it useful to apply syzygy technology [59] [60] [61] [62] [63] . For the basis change to finite integrals, we made heavy use of first-and second-order annihilators [64, 65] in the Lee-Pomeransky representation [66] . Instead of resorting to computer algebra systems, we compute syzygies with linear algebra [60, 67] using Finred as a linear solver. This method allows us to reduce integrals with high powers of propagators and no numerators.
The program Finred implements finite field sampling and rational reconstruction [17, 36] and supports distributed computations to efficiently solve large linear systems. We solved sectors with more than 10 8 equations and reconstructed identities from up to O (40) 64 bit based prime fields and O (600) values for the space-time dimension. Including the identities for basis changes and dimensional shifts, our compressed reduction tables con-sume O (10 TB) on disk.
In total, we find 294 master integrals. Twenty of the top-level topologies turn out to be irreducible, see Fig. 1 , with up to four master integrals per topology. We would like to point out an interesting relation between master integrals of three distinct nine-line topologies,
which can be obtained from a common parent topology. As a check of our reductions, we calculated the matter dependent contributions to the quark and gluon form factors in a general R ξ gauge and verified explicitly that terms proportional to ξ cancel. This cancellation occurred only after accounting for relations between color invariants (for general Lie algebras) and Eq. (5).
RESULTS
We insert our analytical solutions for the finite master integrals to obtain ǫ-expanded expressions for the form factors. Our main new results are extracted from the O ǫ −1 coefficients proportional to N f or N qγ on the second lines of Eqs. (3) and (4), and the O ǫ −2 coefficients of the color factors on the second and third lines of Eqs. (3) and (4). Explicit expressions for these coefficients are provided in the appendix. The coefficients on the first lines of Eqs. (3) and (4) have already been calculated through to O ǫ 0 by a subset of the authors [17, 24] and others [15, 19, 21] . For the sake of completeness, we also calculated the quartic color coefficient c q 5 (ǫ) through to O ǫ 0 ourselves to confirm the result of [21] .
We determine the four-loop cusp anomalous dimensions in the framework of [68] from the ǫ −2 poles. Our results for Γ q 4 and Γ g 4 confirm the generalized Casimir scaling principle, so that we can write them together as 3)) and work on the N f -dependent terms [14, 16, 17, [19] [20] [21] [22] [23] [24] , together with the generalized Casimir scaling principle [13, 32, 33] and a supersymmetric decomposition [14, 22] . Another strong independent check is given by comparing our result to the approximate numerical analysis of [12, 13] . We find very solid agreement with Table 1 of [13] , suggesting that their error estimates were actually conservative. Finally, a comparison to the four-loop cusp anomalous dimension of the N = 4 model [34, 69] shows that our result respects the principle of maximal transcendentality [70, 71] . The collinear anomalous dimensions can be read off from the ǫ −1 poles of the logarithm of the renormalized form factors. We confirmed that all higher order poles are as predicted by Eq. (6.22) from [72] in terms of the cusp and lower-loop collinear anomalous dimensions, together with the coefficients β L−1 of the beta function [49, 73] . Equivalently, the collinear anomalous dimensions are defined as
in the framework of [68] . Here, G r L [k] denotes the coefficient of ǫ k in the series G r L (ǫ) defined in Eqs. (2.14)-(2.17) of [68] in terms of the bare form factors. These coefficients can be extracted from the four-loop expansions in our appendix, together with the well-known higherorder-in-ǫ results for the bare one-, two-, and three-loop form factors given in [72, [74] [75] [76] or [35] .
Note that our γ q 4 and γ g 4 are (−2) times the four-loop collinear anomalous dimensions defined in [41] , and [15, 18, 19, 21] follow [41] rather than [68, 77, 78] . We find [15, 19] (see also [17, 24] ), the result of [21] for the coefficient of the quartic Casimir invariant in Eq. (8) , the result of [18] for the large-N c limit of the O N f terms of γ q 4 , and the very recent numerical estimate of the ǫ −1 pole of the full four-loop quark form factor [79] . Our results are in perfect agreement with the available literature. Furthermore, we note that the three color structures proportional to N qγ drop out of Eq. (8) in a non-trivial way.
While no independent results for γ g 4 are immediately available, [80] provides the O N 3 f part of the four-loop virtual anomalous dimensions, B r 4 , allowing for an alternative extraction of the first two terms of Eq. (9) from the conjectured relation [81] γ r
where f r 4 denotes the four-loop eikonal anomalous dimensions of massless QCD. Relating f g 4 to f q 4 by Casimir scaling, we obtain the relevant terms in γ g 4 from that in γ q 4 and find agreement with the direct calculation. We observe that all expansion coefficients of our finite basis integrals which contribute to the ǫ −1 poles of the matter-dependent color structures from the first two lines of Eqs. (3) and (4) also contribute to the ǫ −2 poles. The checks mentioned earlier for the cusp anomalous dimensions, therefore, also test our results for both collinear anomalous dimensions.
We provide ancillary text files in Mathematica and Maple format with our results for the form factors, anomalous dimensions, and the functions G r L (ǫ).
SUMMARY
We presented the first complete, ab initio analytic calculation of the four-loop quark and gluon cusp anomalous dimensions. In contrast to previous analytic work on the subject, our extraction of the gluon cusp anomalous dimension did not rely on any conjectured property of the cusp anomalous dimensions. It therefore provides a direct analytic confirmation of the generalized Casimir scaling principle [32, 33] at the four-loop level. We also presented the full analytic matter dependence of the fourloop quark and gluon collinear anomalous dimensions.
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APPENDIX
In this appendix, we provide the explicit ǫ expansions of the previously-unknown color coefficients used to derive our main results, Eqs. (6), (8) , and (9) . We have c q 6 (ǫ) = 
